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Abstract: Exact force-free plasma equilibria satisfying the
nonlinear Beltrami equation are derived. The construction
is based on a nonlinear transformation that allows to get
from any solution to the linear Beltrami equation a one-
parametric family of exact solutions to the nonlinear one.
Exact force-free plasma equilibria connected with the Sine-
Gordon equation are presented.
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1 Introduction

Equations of the ideal plasma equilibria have the form
[1–3]:

(∇ × B(x)) × B(x) � μ∇P(x) ,   ∇ ⋅B(x) � 0 . (1.1)

Magnetic field B(x) for a force-free plasma equilibrium
with pressure P(x)=const satisfies the Beltrami equation

∇ × B(x) � α(x)B(x) , (1.2)

where ∇ × B(x) = J(x) is the electric current and α(x) is a
differentiable function of the coordinate vector x. Equa-
tion (1.2) with α(x) ≠ const is nonlinear because function
α(x) depends on the vector field B(x). Indeed, the well-
known equation ∇α(x)⋅B(x)=0 follows from Equation (1.2)
and means that function α(x) is constant along the mag-
netic fieldB(x) lines, see Chapter 1 ofmonograph [3]. Hence
for a general case function α(x) is constant on magnetic
surfaces ψ(x) = const (ψ(x) is the magnetic function).

Another relation connecting α(x) and B(x) is

∇ ⋅ [∇α(x) × B(x)] � 0 . (1.3)

Equation (1.3)means that vector field∇α(x)×B(x) (that
is also tangent to the magnetic surfaces α(x) = C = const) is

divergence free. Equation (1.3) follows from Equations
(1.2), ∇⋅B(x) = 0 and identity

∇ ⋅ (X × Y) � (∇ × X) ⋅ Y − X ⋅ (∇ × Y) ,

where X and Y are arbitrary smooth vector fields.
There are well-known exact solutions to Equation (1.2)

with α(x)=α=const, for example the spheromak magnetic
fi
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function. This follows from the fact that the new force-free
plasma equilibria satisfy equation

J(x) � ±α2ψ(x)����������
β + α2ψ

2(x)
√ B(x) , (1.5)

where α and β>0 are arbitrary constants. Equation (1.5)
yields that for the constructed equilibria electric current
J(x



Equation (2.9) for P(ψ) � const becomes the Beltrami
equation

∇ × Bβ(x) � αβ(x)Bβ(x) , (2.10)

where

αβ(x) �
dGβ(ψ)
dψ

� ±
G(ψ)���������

β + G2(ψ)√ dG(ψ)
dψ

� ±
G(ψ)���������

β + G2(ψ)√ α(x) . (2.11)

Hence transformationTβ (Equation (27)) produces from
any axisymmetric solution to the Beltrami Equation (2.6) a
new solution Bβ (r, z) (Equation 2.8) to the Beltrami Equa-
tion (2.10) with another function α

β BB

(



Hence function αζ (r,z) (Equation 3.5) satisfies in-
equalities −|α|<αζ (r,z)<|α| and αζ (r,z)=0 at the points (r,z)

where ψ(r, z) � 0.

Example 1: The magnetic function ψ(r, z)



tan(αR) � 3αR

3 − (αR)2  . (3.16)

The electric current Jζ.3 (r, z) (Equation 3.15) switches its
direction to the opposite at the plane z = 0 and at infinitely

many spheres S2
m. Equation (3.15) demonstrates that elec-

tric current Jζ.3 (r, z) is smooth everywhere in R
3 and has

zero current density on the axis z (r = 0).
The first four numerical solutions to Equation (3.16) are

|α|R1 ≈ 5.7635, |α|R2 ≈ 9.0950, |α|R3 ≈ 12.3229,

 |α|R4 ≈ 15.5146 .

At m→∞ the roots Rm have asymptotics |α|Rk≈(m+1)π.
II.Analogousconstructionexists forthemagnetic functionψ4

(r, z) (Equation3.12).ThecorrespondingelectriccurrentJζ.4(r,
z) =∇×Bζ.4(r, z) vanisheson themagnetic surfaceψ4 (r, z) =0
thataccordingtoEquations(3.12)and(3.14)satisfiesequation

G3(αR) + α2z2G4(αR) � 0 . (3.17)

Equation (3.17) yields that the surface intersects the

plane z = 0 at infinitely many circles S
1
m : z � 0, 



II. Consider magnetic field

B(x,  y) � −ψyêx + ψxêy +
�
2

√
meψ/2êz  , (4.7)

with exponential function G(ψ) =
�
2

√
meψ/2. Applying

transformation Tβ (Equation 2.7) we get magnetic fields

Bβ(x,  y) � −ψyêx + ψxêy ±
���������
β + 2m2eψ

√
êz (4.8)

with functionGβ(ψ) = ±
���������
β + 2m2eψ

√
. Beltrami Equation (4.6)

with P(ψ) = const for the field (Equation 4.8) becomes

∇ × Bβ � ∓
m2eψ���������

β + 2m2eψ
√ Bβ  . (4.9)

For the both magnetic fields Equations (4.7) and (4.8)
Equation (4.4) with P(ψ) = const has the form

∇2ψ � −m2eψ  . (4.10)

III. Exact solutions to the nonlinear Equation (4.10) were
first derived by Vekua [22]. Vekua’s method consists of the
following. Let x + iy be a complex variable and
f(x + iy) = u(x, y) + iv(x, y



where α and ζ > 0 are arbitrary parameters. We have



(Equation 5.5) Equation (5.2) with function
G(ψλ) = A sin [α(ψλ+γ)] takes the form

∇ × B � −αA cos[α(ψλ + γ)]B
� − αA

cosh[αA(λx +
�����
1 − λ2

√
y + c)]B . (5.6)

Equation (5.6) shows that electric current J = ∇ × B
always has the same direction as vector field −αAB and no
switching of its direction occurs.

Applying transformations Tβ (Equation 2.7) with β > 0:

G (ψλ)→ Gβ (ψλ) = ±
���������
β + G2(ψλ)

√
we get the magnetic fields

(Equation 4.1):

Bβ(x,  y) � −(ψλ)y
̂
 )
β̂ +
+ γ
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